Introduction
Let L be a number field, and let π be a cuspidal automorphic representation of GL n (A L ). Suppose that π is L-algebraic and regular. By definition, this means that for each place v|∞ of L, the Langlands parameter
of π v has the property that, up to conjugation, φ v | C × is of the form z → z λ z µ for regular cocharacters λ, µ of the diagonal torus of GL n . In this case we can make, following [Clo90] and [BG14] , the following conjecture: (We note that this condition characterizes r p,ι (π) uniquely (up to isomorphism) if it exists, by the Chebotarev density theorem.) The condition that π is L-algebraic and regular implies that the Hecke eigenvalues of a twist of π appear in the cohomology of the arithmetic locally symmetric spaces attached to the group GL n,L . The first cases of Conjecture 1.1 to be proved were in the case n = 2 and L = Q, in which case these arithmetic locally symmetric spaces arise as complex points of Shimura varieties (in fact, modular curves), and the representations r p,ι (π) can be constructed directly as subquotients of the p-adicétale cohomology groups (see e.g. [Del71] ). Similar techniques work in the case where n = 2 and L is a totally real field (see e.g. [Car86] ).
The next cases of the conjecture to be established focused on the case where L is totally real or CM and π satisfies some kind of self-duality condition. When n > 2, or when L is not totally real, the arithmetic locally symmetric spaces attached to the group GL n,L do not arise from Shimura varieties. However, the self-duality condition implies that π or one of its twists can be shown to descend to another reductive group G which does admit a Shimura variety. In this case the representations r p,ι (π) can often be shown to occur as subquotients of the p-adicétale cohomology groups of the Shimura variety associated to some Shimura datum (G, X). The prototypical case is when L is a CM field and there is an isomorphism π c ∼ = π ∨ , where c ∈ Aut(L) is complex conjugation. In this case π descends to a cuspidal automorphic representation Π of a unitary (or unitary similitude) group G such that Π ∞ is essentially square-integrable.
The purpose of this note is to expand on the meaning of this statement. According to [BLGGT14] , an irreducible Galois representation is polarizable if it is conjugate self-dual up to twist. We first prove a negative result, showing that there are many Galois representations which are not conjugate self-dual up to twist and which do appear in the cohomology of Shimura varieties: Theorem 1.2. Let p be a prime, and fix an isomorphism ι : Q p ∼ = C. Then there exist infinitely pairs (L, π) satisfying the following conditions:
1. L ⊂ C is a CM number field and π is a regular L-algebraic cuspidal automorphic representation of GL n (A L ) such that π c ∼ = π ∨ ⊗ χ for any character χ : (Here F τ,p denotes the lisse Q p -sheaf on Sh K (G, X) associated to F τ ; see §1.2 below for the precise notation that we use.) It is therefore necessary to give a different interpretation to the assertion (1.1). The representations r p,ι (π) appearing in Theorem 1.2 are necessarily special: in fact, the examples we construct are induced from cyclic CM extensions of L.
There exists a Shimura datum (G, X) of reflex field L such that the associated Shimura varieties
One subtlety here is that even if an irreducible representation r : Γ L → GL n (Q p ) is conjugate self-dual up to twist (as one would expect e.g. for the n-dimensional representation attached to a RLACSDC 1 automorphic representation of GL n (A L )), it need not be the case that the irreducible subquotients of tensor products r ⊗a ⊗ (r ∨ ) ⊗b are conjugate self-dual up to twist (and indeed, it is this possibility that we exploit in our proof of Theorem 1.2). This points to the need to phrase a condition in terms of the geometric monodromy group of r (i.e. the identity component of the Zariski closure of r(Γ L )). The Galois representations that we construct in the proof of Theorem 1.2 are at least 'geometrically polarizable', in the sense that complex conjugation induces the duality involution on the geometric monodromy group. The main point we make in this paper is that well-known conjectures imply that all Galois representations appearing in the cohomology of Shimura varieties are geometrically polarizable, using statements like our Principle 2.6 below. (In the body of the paper, we use the terminology 'odd' instead of 'geometrically polarizable'; see Definition 2.3.)
In order to fully address the question posed in (1.1), one must first answer the question of which kind of cohomology groups to consider. If Sh K (G, X) is proper then ordinaryétale cohomology with coefficients in an algebraic local system provides the only natural choice. In the non-compact case, one could consider ordinary cohomology, cohomology with compact support, or the intersection cohomology of the minimal compactification Sh
We can summarise the conjectures assumed in the statement of Theorem 1.3 as follows. Conjecture 4.3 asserts the existence of Galois representations attached to discrete cohomological automorphic representations π of G(A Q ), where G is a reductive group over Q such that G(R) admits discrete series. It includes a rather precise formulation of local-global compatibility at infinity based on a connection with an A-parameter of π ∞ . (For a closely related statement, see [Ser12, §8.2.3.4] .) It would not be possible to formulate this using only the formalism of L-parameters (as opposed to A-parameters). Conjecture 5.1 is a weak consequence of Kottwitz's conjectural description of the intersection cohomology of the minimal compactification of a Shimura variety in terms of A-parameters, slightly reformulated here in a similar manner to [Joh13] . This focus on A-parameters is essential, since for a result like Theorem 1.3 the most interesting part of cohomology is indeed the part corresponding to non-tempered automorphic representations.
Since compactly supported cohomology is dual to ordinary cohomology, the other case to consider is that of the ordinary cohomology of non-proper Shimura varieties. In this case, Morel's theory of weight truncations can be used to reduce to the case of intersection cohomology. This leads, for example, to the following theorem.
Theorem 1.4. Let (G, X) be a Shimura datum satisfying the assumptions of §6, and let L be its reflex field. Let F τ be an algebraic local system on Sh K (G, X), and let p be a prime. Then any irreducible subquotient
We note that the assumptions in §6 hold in particular for the Shimura data associated to inner forms of unitary similitude and symplectic similitude groups. These are the groups used in [HLTT16] and [Sch15a] , and which led us to be interested in these problems in the first place.
We now describe the organization of this note in more detail. In §2 we review some principles from the representation theory of reductive groups, and consequences for what we call 'odd Galois representations'. In §3 we prove Theorem 1.2 by explicitly constructing irreducible Galois representations in the cohomology of unitary Shimura varieties which are not conjugate self-dual up to twist. In §4, we introduce the Langlands group and the formalism of L-parameters and A-parameters, and use this as a heuristic in order to justify Conjecture 4.3. In §5 we combine this with Kottwitz's conjectural description of the intersection cohomology of Shimura varieties in order to state Conjecture 5.1 and then, using the groundwork done in §2, to prove Theorem 1.3. Finally, in §6 we sketch Morel's proof of Theorem 1.4.
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Notation
A reductive group is not necessarily connected. If G, H, . . . are linear algebraic groups over a field Ω of characteristic 0, then use gothic letters g, h, . . . to denote their respective Lie algebras. We write sl 2 for the Lie algebra of SL 2 ; it has a basis of elements
These satisfy the relations
If g is any Lie algebra and (x, t, y) is a tuple of elements of g satisfying the same relations, then we call (x, t, y) an sl 2 -triple in g.
If E is a field, then we write Γ E for the absolute Galois group of E with respect to some fixed separable closure E. If E is a number field and v is a place of E, then we write Γ Ev ⊂ Γ E for the decomposition group at v, which is well-defined up to conjugation. If v is a non-archimedean place, then we also write k(v) for the residue field of v, and q v for the cardinality of k(v). We writ Frob v for a geometric Frobenius element. We write A E for the adèle ring of E, and A ∞ E for its finite part. If p is a fixed prime, then we write ǫ :
for the p-adic cyclotomic character.
If G is a connected reductive group over Q, then we write L G for its L-group, which we usually think of as a semi-direct product G ⋊ Gal(E/Q), where G is the dual group (viewed as a split reductive group over Q) and E/Q is the Galois extension over which G becomes an inner form of its split form. If p is a prime, then an L-homomorphism ρ : Γ Q → L G(Q p ) is a homomorphism for which the projection Γ Q → Gal(E/Q) is the canonical one.
If (G, X) is a Shimura datum, in the sense of [Del79b] , and
is an open compact subgroup, then we write Sh K (G, X) for the associated Shimura variety, which is an algebraic variety defined over the reflex field of the pair (G, X) (see [Mil83] for existence in the most general case). By an algebraic local system F τ , we mean the local system of Q-vector spaces F τ on Sh K (G, X)(C) associated to a finite-dimensional algebraic representation τ :
If p is a prime and ι : Q ֒→ Q p is a fixed embedding, then we get a lisseétale sheaf F τ,p on Sh K (G, X), which is the one considered in the introduction to this paper.
Odd Galois representations
In this section we discuss Galois representations ρ : Γ Q → H(Q p ), where H is a reductive group. We are particularly interested in representations which are odd, in the sense of Definition 2.3. If H = L G, where G is a connected reductive group over Q such that G ad (R) contains a compact maximal torus, then Definition 2.3 coincides with the one given in F. Calegari's note [Cal] , but not otherwise (see also [Gro] ).
Let Ω be a field of characteristic 0.
Definition 2.1. Let G be a connected reductive group over Ω. We say that an involution θ : 
Proof. After replacing G by its quotient by Z(G • ), we can assume that G • is adjoint and w = 1. Let T = Z G (µ), and consider the decomposition
, positive, and negative weight spaces for the cocharacter µ. Since θ • µ = µ −1 , we see that θ swaps g + and g − . Since tr dθ = − dim t, we see that θ must act as −1 on t. Since µ factors through H, we find a similar decomposition
showing that tr dθ| h = − rank H • , and hence that θ| H • is also odd.
Definition 2.3. Let p be a prime and let G be a reductive group over Q p , and let ρ :
Now let E be a number field, and let G be a reductive group over Q p for some prime p. Note that if ρ is mixed, then w is uniquely determined by ρ. When working with a mixed Galois representation, we will always write w for its corresponding weight cocharacter.
We say that ρ is pure if it is mixed and w takes values in Z(G).

We say that
Let C p denote the completion of Q p . If ρ is de Rham then it is also Hodge-Tate, so there exists a cochar-
Cp is the Hodge-Tate decomposition of V Cp .
Definition 2.5. Let ρ : Γ E → G(Q p ) be a geometric representation and let v|p be a place of E. We call a Hodge-Tate cocharacter at v any cocharacter µ : G m → G with the following properties:
Note that Hodge-Tate cocharacters always exist.
We conclude this section with a discussion of Hodge-Tate cocharacters satisfying special properties. This will be used as motivation in §5. Let G be a reductive group over Q p , and let ρ : Γ Q → G(Q p ) be a geometric representation of Zariski dense image. In this case, we expect that the following should be true:
• ρ is pure. Let w : G m → Z(G) denote the corresponding character.
• There exists a Hodge-Tate cocharacter µ : G m → G and a complex conjugation c ∈ Γ Q such that Ad(ρ(c))(µ) = µ −1 w.
Indeed, let us suppose that we are in the "paradis motivique" described in [Ser94] (in other words, we assume the standard conjectures and the Tate conjecture). We are free to replace ρ by ρ × ǫ and G by the Zariski closure of the image of Galois in G × G m . According to the conjectures in [FM95] , we should be able to find a faithful representation R : G → GL(V ) such that R • ρ appears as a subquotient of theétale cohomology of a smooth projective variety X over Q. Let G X ⊂ GL(H * (X Q , Q p )) denote the Zariski closure of the image of Γ Q ; then G is isomorphic to a quotient of G X,Q p , so we just need to justify the existence of a Hodge-Tate cocharacter µ : G m → G X,Q p and complex conjugation c ∈ Γ Q satisfying the expected properties.
We will use the language of of Tannakian categories, as in [Ser94] . Let Mot Q denote the Tannakian category of motives over Q, and let X denote its tensor subcategory generated by X. Let Vec Q denote the tensor category of finite-dimensional Q-vector spaces. Then there are Hodge and Betti fibre functors
and
There is a Hodge-Betti comparison isomorphism α ∈ Isom ⊗ (ω H , ω B )(C). If we fix a choice of isomorphism
for the usual motivic Galois group and c ∈ M X,B (Q) for the image of complex conjugation, and M X,H = Aut ⊗ (ω H ). Then the Hodge grading determines a Hodge cocharacter µ H : G m → M X,H which satisfies
where w is the weight cocharacter, which is central and defined over Q (cf. [Del79a, §0.2.5]). Fix an isomorphism ι : Q p → C. We'll be done if we can show that
is a Hodge-Tate cocharacter, when we identify M X,B,Qp with the group G X above.
By definition, this means we must show that (ι
Taking on board Lemma 2.2 and the above 'motivic' discussion, we arrive at the following unproven principle:
Principle 2.6. Let G be a reductive group over Q p , and let i : H → G be the embedding of a closed reductive subgroup. Let ρ : Γ Q → H(Q p ) be a geometric representation. Suppose the following:
The Hodge-Tate cocharacter of
Then ρ is odd.
It is instructive to discuss all of the above in a concrete example. Let us take the representation ρ : Γ Q → GL 3 (Q p ) constructed in [vGT94] , and associated to a non-self dual cuspidal automorphic representation of GL 3 (A Q ) of level Γ 0 (128). More precisely, we consider the representation constructed there inside theétale cohomology of a surface; the computations of Frobenius traces in op. cit. support the hypothesis, but do not prove, that these representations are the same as the ones attached to the above-mentioned cuspidal automorphic representation. ΓL χ for some degree 3 extension L/Q and geometric character χ : Γ L → Q × p . However, the infinity type of χ must be induced from the maximal CM subfield of L, which is totally real. This contradicts the fact that ρ is Hodge-Tate regular. Therefore H
• is not abelian. If the derived group of H • has rank 1, then it is equal to PGL 2 in its 3-dimensional representation. The normalizer of PGL 2 in GL 3 is GO 3 . Since ρ is not self-dual up to twist (see [vGT94, p . 400] again) this cannot happen. We see finally that the derived group of H
• must have rank 2, and therefore that H is equal to GL 3 .)
There exist a weight cocharacter w, a Hodge-Tate cocharacter µ, and a complex conjugation c of the form
No twist of ρ is odd, because the odd involutions of GL 3 are outer. The representation ρ ⊗ ǫ is pure of weight 0 and has trivial determinant.
Let H = GL 3 , and let G denote the special orthogonal group defined by the matrix
We write R : H → G for the embedding given by g → diag(g, 1, t g −1 ). A calculation shows that if χ is an odd character, then R • (ρ ⊗ χ) is odd, in the sense of Definition 2.3. Thus if χ is a geometric odd character, then R • (ρ ⊗ χ) is geometric and odd. We note that arguing as in [HLTT16] or [Sch15b] , we should be able to exhibit (the pseudocharacter of) any twist R • (ρ ⊗ χ) by an odd geometric character of sufficiently large Hodge-Tate weight as a p-adic limit of (pseudocharacters of) G-valued representations of Zariski dense image attached to cusp forms on Sp 6 with square-integrable archimedean component. Since passing to a p-adic limit preserves the conjugacy class of complex conjugation, the oddness of R • (ρ ⊗ χ) is a necessary condition for this to be possible. (We note that the oddness of the Galois representations attached to regular L-algebraic cusp forms on Sp 6 , which is a consequence of the conjectures formulated in [BG14] , follows from the results of Taïbi [Tb16] .) However, we cannot conclude that ρ ⊗ χ is odd using Principle 2.6, because any such twist of ρ will fail one of the conditions there. If χ is not pure of weight −2, then R • (ρ ⊗ χ) will not be pure. If χ is pure of weight −2 (for example, if χ = ǫ), then R • (ρ ⊗ χ) will be pure of weight 0, but the Hodge-Tate cocharacter of R • (ρ ⊗ χ) will not be regular.
Negative results
Let us fix a prime p and an isomorphism ι : Q p → C. In this section, we prove the following result (Theorem 1.2 of the introduction):
Theorem 3.1. There exist infinitely pairs (L, Π) satisfying the following conditions: 
There exists a Shimura datum (G, X) of reflex field L such that the associated Shimura varieties
2. Let w denote the unique place of E lying above v. Then for each g ∈ Gal(E/K), we have ψ|
Proof. This is a special case of [BLGGT14, Lemma A.2.5].
We now fix a tuple of integers (n τ ) τ ∈ΦE with the following properties:
• For all τ 0 , τ
• There exists τ ∈ Φ E such that the matrix (n τ gh ) g,h∈Gal(E/K) has non-zero determinant (note that this is a circulant matrix).
The representation ρ p | ΓK v is absolutely irreducible, and σ v is a supercuspidal representation of GL
Proof. The irreducibility of ρ p is equivalent to the following statement: for all g, h ∈ Gal(E/K) such that
This statement is true because it is true after restricting ψ to (E ⊗ Q R) Let H denote the Zariski closure of ρ p (Γ K ) in GL q 2 (Q p ), and let ρ H : Γ K → H(Q p ) denote the tautological representation. The group H sits in a short exact sequence
(To ensure that the image of ρ p is Zariski dense in this group, we are using the condition imposed above that the matrix (n τ gh ) g,h∈Gal(E/K) has non-zero determinant.) Recall that E 0 is the unique intermediate subfield of E/K, and consider the Hecke character χ = ψ| A 
There exists a cuspidal, regular
3. There does not exist a character λ :
Proof. If τ 0 : E 0 ֒→ Q p is an embedding, let m τ0 = HT τ0 (χ). Then we have
n τ .
In particular, we see that the m τ0 , τ 0 ∈ Φ E0 , are pairwise distinct, and that the representation r p is HodgeTate regular. This representation is irreducible because the conjugates (χ p ⊗ ϕ p ) g are pairwise distinct as g ∈ Gal(E 0 /K) varies: in fact, these characters already have distinct Hodge- Tate 2 . Restricting to Γ E0 , we see that there exists
Passing to Hodge-Tate weights, this gives for any τ 0 : E 0 ֒→ Q p :
Since we also have m τ0 + m τ0c = q(1 − q 2 ), we find m τ0 = m τ0g , hence g = 1 (using again Hodge-Tate regularity of r p ). This forces
(Note that ϕ = ϕ c because ϕ factors through the Galois group of a CM extension of the CM field K.) However, the character ϕ 2 ). This contradiction completes the proof.
We now apply the following general result. Proof. The group H is reductive as it has a faithful semisimple representation (because ρ is semisimple). Let r denote the tautological faithful representation of H on V . It then suffices to find integers a, b ≥ 0 such that R occurs in r ⊗a ⊗ (r ∨ ) ⊗b . This is presumably standard, see e.g. [Del82, Proposition 3.1(a)].
By Proposition 3.5, we can find integers a, b ≥ 0 such that r p appears as a subquotient of ρ
⊗b . Let ℓ be the residue characteristic of the place v. We now fix a cyclic totally real extension L 0 /Q of prime degree d > a + b and in which ℓ splits, and set L = K · L 0 . We observe that this implies the following:
1. The base change π L is cuspidal, and r p | ΓL is irreducible and still not conjugate self-dual up to twist.
Indeed, Gal(E/K) is linearly disjoint from Gal(L/K), so we can just run the above arguments again with ψ p | ΓL instead of ψ p .
2. The place v splits in L, so that if w is a place of L dividing v, then σ L,w is supercuspidal.
Let Σ = σ L and Π = π L . We have now almost completed the proof of Theorem 3.1: we have constructed, from the data of the extension E/K and the character ψ, an automorphic representation Π which is regular L-algebraic and cuspidal but not conjugate self-dual up to twist. In order to complete the proof, we must show that there exists τ ∈ Φ L and a Shimura datum (G, X) of reflex field τ (L) such that a twist of r p,ι (Π) by a geometric character appears as a subquotient of H * et (Sh K (G, X) Q , F p ) for some choice of algebraic local system F .
Fix an embedding τ 0 ∈ Φ K and disjoint subsets Σ 0 , Σ 1 ⊂ Φ L of embeddings extending τ 0 , such that |Σ 0 | = a and |Σ 1 | = b. Suppose given the following data:
2 and centre L, together with an involution * :
Then we can associate to (D, * , h 0 ) a unitary group G 00 over L + , its restriction of scalars G 0 = Res 2. For each τ ∈ Σ 0 , we have n(τ ) = n − 1. For each τ ∈ Σ 1 , we have n(τ ) = 1. For every other τ ∈ Φ L , we have n(τ ) = 0.
The integers n(τ ) here are as on [Kot92, p. 655]; the second condition here means that we have an isomorphism
We note that the reflex field of (G, X) is equal to τ (L), for any τ ∈ Σ 0 .
The automorphic representation Σ⊗ det
is RACSDC 2 and descends to an automorphic representation Σ G0 of G 0 (A) with Σ G0,∞ essentially square integrable and of strictly regular infinitesimal character. (This follows from e.g. the main theorems of [KMSW] . Since we are dealing here with a 'simple' Shimura variety, it is possible to prove the existence of this descent much more easily, along the same lines as in the proof of [Clo93, Proposition 2.3], making appropriate changes to deal with the presence of more than one noncompact factor at infinity.) Arguing as in the proofs of [HT01, Theorem VI.2.9] and [HT01, Lemma VI.2.10], we can extend Σ G0 to a representation Σ G of G(A Q ) such that the integer a(Σ ∞ G ) of [Kot92] is non-zero. We can therefore apply [Kot92, Theorem 1] to conclude that there is an algebraic local system F such that the Σ
In particular, it admits a twist of the representation r p | ΓL = r p,ι (Π) by a geometric character as a subquotient. This completes the proof of Theorem 3.1. (It is clear that we can generate infinitely many pairs (L, Π) just by varying our initial choices.)
Conjectures on Galois representations
Let G be a reductive group over Q, and let L G be its L-group. In order to avoid a proliferation of subscripts, we will in this section fix a prime p and an isomorphism ι : Q p → C, and write
We hope that in each case it will be clear from the context exactly which of these groups is intended. In order to analyse the cohomology of Shimura varieties in the next section, we introduce the formalism of the Langlands group, local and global L-parameters, and finally local and global A-parameters. We will make predictions using these ideas, and state precise conjectures which are independent of the existence of the Langlands group.
Following [Art02] , the global Langlands group should be a locally compact topological group which is an extension 1
where W Q is the Weil group of Q. For each place v of Q, there should be a continuous embedding L Qv → L Q , defined up to conjugacy, where L Qv is the local Langlands group:
The irreducible n-dimensional continuous complex representations of the group L Q should be in bijection with the cuspidal automorphic representations of GL n (A Q ). More generally, if π is an essentially tempered automorphic representation of G(A Q ), then one expects that there should be a corresponding continuous homomorphism φ : L Q → L G with the property that for each place v of Q, π v is in the L-packet corresponding to φ| L Qv . (To formulate this statement supposes that the local Langlands correspondence for G(Q v ) is known. It thus has an unconditional sense at least if either v is archimedean, or v is non-archimedean and π v is unramified.) The homomorphism φ should be an L-parameter, i.e. it should be semisimple, and the projection
The condition that π is essentially tempered should imply that the image of φ is essentially bounded, i.e. bounded modulo the centre of L G.
, c}, where c acts by swapping factors. Then there is an embedding L R → W (C), which sends z to (z, z) ⋊ 1 and j to (−i, −i) ⋊ c. We say that a homomorphism
In this case we write a φ∞ : W C → L G C for the corresponding morphism of algebraic groups, and call it the algebraic L-parameter corresponding to φ ∞ . We say that an irreducible admissible representation of G(R) is L-algebraic if its Langlands parameter is L-algebraic, and that an automorphic representation π of
We say that an L-parameter φ :
Langlands has suggested that there should be a morphism from L Q to the motivic Galois group of Q (with C-coefficients). Based on the conjectures in [BG14] (see also [Art02, §6] ), one can guess that a morphism φ : L Q → L G factors through the motivic Galois group if and only if φ is L-algebraic. Passing to p-adic realizations, and bearing in mind the discussion at the end of §2, this leads us to predict that for any L-algebraic morphism φ : L Q → L G, there exists a continuous homomorphism ρ φ : Γ Q → L G satisfying the following conditions:
1. ρ φ is geometric and mixed. (We recall from Definition 2.4 that the weight cocharacter w is then defined.)
3. There exists a Hodge-Tate cocharacter µ of ρ φ and a complex conjugation c ∈ Γ Q such that Ad(ρ φ (c))
(Here, as in §2, we write w : G m → Z( L G) for the weight cocharacter of the Galois representation ρ φ .) This leads us to the following conjecture: 1. ρ π is geometric and pure.
2. For each prime l = p such that π l is unramified, ρ π | Γ Q l is unramified and ρ π (Frob l ) is G-conjugate to the Satake parameter of π l .
There exists a Hodge-Tate cocharacter µ of ρ π and a complex conjugation
We note that this conjecture makes no reference to the Langlands group. It is worth comparing this conjecture with those made in [BG14, §3.2]. In loc. cit., the authors do not restrict to essentially tempered automorphic representations, imposing instead only L-algebraicity. At infinity, they predict only the G-conjugacy class of ρ π (c) in L G. By contrast, we are predicting both the conjugacy class of ρ π (c) and the existence of a Hodge-Tate cocharacter that is compatible with ρ π (c), in some sense. This is motivated by the discussion at the end of §2. We note that this stronger prediction would be false without the restriction that π is essentially tempered, as one sees either by considering holomorphic Eisenstein series for GL 2 or holomorphic Saito-Kurakawa lifts on PSp 4 (cf. [Lan79, §3]). Proof. We note that our definition of Hodge-Tate cocharacter implies that µ in fact factors through H π . Therefore the second part of the proposition will follow from the first part and from Lemma 2.2 if we can establish the first part and at the same time show that µ is a regular cocharacter of G.
To prove the whole proposition, it therefore suffices to show that a π∞ has the property that a π∞ | Gm×1 is a regular cocharacter and a π∞ (c) acts as −1 on Cent( G, a π∞ (G m × 1))/Z( G). To see this, we just describe the L-parameters of the L-algebraic discrete series representations of G(R). Fix a choice of maximal torus T ⊂ G R which is compact mod centre. Let B ⊂ G C be a Borel subgroup containing T C . Let T ⊂ B ⊂ G be the corresponding maximal torus and Borel subgroups of the dual group. Let σ T denote the L-action of complex conjugation on T corresponding to the given real structure on T . Then the restriction of the L-action of G to T is given by Ad n G • σ T , where n G ∈ N ( G, T ) represents the longest element of W ( G, T ) with respect to the system of positive roots given by B.
If π ∞ is an L-algebraic essentially discrete series representation of G(R), then, after possibly replacing a π∞ by a G-conjugate, a π∞ is given by the formula
for some element z of the centre Z( G) of G, and some cocharacters µ ∈ X * ( T ), w ∈ X * (Z( G)), such that µ is regular and dominant with respect to B. In particular, Ad a π∞ (c) acts as σ T on T . If T ad denotes the image of T in G ad , then σ T acts as −1 on T ad . It follows that Ad a π∞ (c) is an odd involution of G, as desired.
We note that a calculation of the type appearing in Proposition 4.2 has appeared already in the note of Gross [Gro] . We now turn to the question of generalizing this proposition to non-tempered automorphic representations. We will do this just for discrete automorphic representations, using Arthur's formalism of A-parameters. By definition, a global A-parameter is a continuous semisimple homomorphism
, and with the property that ψ| L Q is essentially bounded. To any A-parameter ψ we can associate an L-parameter φ ψ , given by the formula
where · : W Q → R >0 is the norm pulled back from the idele class group. We define a local A-parameter similarly to be a continuous semisimple homomorphism
, and with the property that ψ v | L Qv is essentially bounded. Arthur's conjectures predict that for any local A-parameter ψ v , one should be able to define a set (called an A-packet) Π ψv of representations of G(Q v ), containing the L-packet of φ ψv . To any discrete automorphic representation π of G(A Q ), one should be able to associate a global A-parameter ψ : L Q × SL 2 → L G with the property that for each place v of Q, π v ∈ Π ψv .
We now discuss what this has to do with Galois representations. Let ψ be a global A-parameter such that φ ψ is L-algebraic. Let (x, t, y) be the sl 2 -triple in g determined by ψ| SL 2 , and let M 1 denote the centralizer in G of this sl 2 -triple.
, where λ t : G m → SL 2 → G is the cocharacter with derivative t, and let
and φ ψ factors through a homomorphism φ ′ : L Q → M ′ . This leads us to expect the existence of a representation ρ ψ : Γ Q → L G and an sl 2 -triple (x, t, y) in g satisfying the following conditions:
1. ρ ψ is geometric and mixed. Moreover, dw − t ∈ z( g) and the following formulae hold: for each γ ∈ Γ Q , Ad ρ ψ (γ)(x) = ǫ −1 (γ)x, Ad ρ ψ (γ)(t) = t, Ad ρ ψ (γ)(y) = ǫ(γ)y.
For almost all primes
3. There exists a Hodge-Tate cocharacter µ of ρ ψ and a complex conjugation c ∈ Γ Q with the following properties: we have Ad ρ ψ (c)
In contrast to the case of tempered representations, we do not see a way to phrase this prediction solely in terms of automorphic representations, without making reference to A-parameters. However, one can make a conjecture supposing only that the local A-packets at infinity have been defined. A definition has been given in [ABV92] .
In order to avoid unnecessary complications here, we will now assume for the rest of §4 that G R contains a maximal torus T which is compact modulo centre. Let t 0 ∈ T (R) be such that Ad(t 0 ) induces a Cartan
t0 . We will state a conjecture only for automorphic representations which are (up to twist) cohomological, in the sense that there exists an irreducible algebraic representation τ of
In this case we can use the A-parameters and packets described by Adams-Johnson (see [AJ87] and also [Art89, §5] ). The representations in these packets were later shown by Vogan and Zuckerman to be the unitary cohomological representations of G(R) [VZ84, Vog84] . 1. ρ π is geometric and mixed. Moreover, dw − t ∈ z( g) and the following formulae hold: for each γ ∈ Γ Q ,
3. There exists a Hodge-Tate cocharacter µ of ρ π , a complex conjugation c ∈ Γ Q , and an A-parameter ψ : L R × SL 2 → L G which is up to twist of the type described in [Art89, §5] , with the following property: Then the pair (a ρ , (x, t, y) ) is G-conjugate to (a φ ψ , dψ(x 0 ), dψ(t 0 ), dψ(y 0 )). This leads us to the following generalization of Proposition 4.2:
This generalizes the second part of Proposition 4.2 because if σ is an essentially square-integrable representation of G(R), then G R contains a maximal torus which is compact mod centre and some twist of σ is cohomological. One can also generalize the first part of Proposition 4.2, although we don't prove this here as we don't need it.
Proof. By Lemma 2.2 and the final requirement of Conjecture 4.3, it will again suffice to show that if
and Ad a φ ψ (c) induces an odd involution of M Using Arthur's explicit description in [Art89, §5], we see that the pair (a φ ψ , (dψ(x 0 ), dψ(t 0 ), dψ(y 0 ))) has the following form. First let T ⊂ G R be a maximal torus which is compact mod centre, and let B ⊂ G C be a Borel subgroup containing T . Let T ⊂ B ⊂ G be the corresponding maximal torus and Borel subgroup of the dual group. Then there is a standard Levi subgroup L such that (x, t, y) is a principal sl 2 -triple in l, and a φ ψ is given by the formula
L n G z ⋊ c, for some z ∈ Z( G) and some regular dominant cocharacter µ ∈ X * ( T )
L , but our choice appears to give a correct formula. We recall that n G , n L are elements of the derived groups of G and L, respectively, which represent the longest elements of the respective Weyl groups with respect to the sets of positive roots determined by B.) There is a decomposition g = l⊕ n + ⊕ n − , where n + and n − are the Lie algebras of the unipotent radicals of, respectively, the standard parabolic subgroup containing L, and its opposite. This decomposition is l-invariant, hence sl 2 -invarant. It follows that the Lie algebra of m 1 admits a similar decomposition
where a is the Lie algebra of the connected centre A of L. In fact A is a maximal torus of M 1 : indeed, we have L = Cent( G, A), so any torus of M 1 containing A is necessarily contained in Cent( L, ψ(SL 2 )), hence in A. The proof will be complete if we can show that Ad a φ ψ (c) acts as −1 on the image of A in the adjoint group of M
The action on A is therefore equal to σ T | A , which has the desired property (recall that σ T acts as −1 on T /Z( G)).
We end this section by stating a variant of Conjecture 4.3 for discrete automorphic representations π such that π ∞ is cohomological (not just up to twist). This variant is based on the observation that π is then necessarily C-algebraic, in the sense of [BG14] .
In [BG14, Proposition 4.3.1], Buzzard and Gee define a canonical extension of G by G m :
The virtue of the C-group is that if σ is an irreducible admissible representation of G(R) which is cohomological, then its pullback σ ′ to G(R) has a canonical twist which is L-algebraic (see the proof of [BG14, Proposition 5.3.6]). Moreover, the group C G admits an explicit description: its dual group can be identified as the quotient 
l = p such that π l is unramified, ρ ′ π | Γ Q l is unramified and ρ ′ π (Frob l ) is G-conjugate to the image of (l −1/2 , t(π l )),′ ψ (c) • µ = µ −1 w. Define a ρ : W → C G, (z 1 , z 2 ) → z µ 1 z w−µ 2 , c → ρ ′ π (c). Then the pair (a ρ , (x, t, y)) is G-conjugate to (a φ ψ , (dψ(x 0 ), dψ(t 0 ), dψ(y 0 ))).
Intersection cohomology of Shimura varieties
In this section we will use conjectures of Arthur and Kottwitz to give a conjectural description of the Galois representations appearing in the intersection cohomology of Shimura varieties. Let (G, X) be a Shimura datum. We write E for the reflex field and Sh K (G, X) for the associated Shimura variety over E with respect to some neat open compact subgroup K ⊂ G(A ∞ Q ). Let F τ be an algebraic local system. We fix a prime p and an isomorphism ι : Q p → C.
denote the open embedding of Sh K (G, X) into its minimal compactification. The intersection cohomology groups
where H denotes the usual convolution Hecke algebra, and are finitedimensional as Q p -vector spaces. Our aim is to understand the irreducible subquotient
The action of G(A ∞ Q ) on intersection cohomology can be understood in terms of discrete automorphic representations. Indeed, the Zucker conjecture (proved independently by Looijenga and Saper-Stern) states that IH τ,K can be identified with the
where K 1 = Cent(G(R), h) for some choice of h ∈ X. This led Kottwitz to give a conjectural description of the space W p (π ∞ ) in terms of the A-parameters giving rise to π ∞ [Kot90] . The paper [Joh13] gave a reformulation of Kottwitz's conjecture in terms of the C-group. We now discuss some consequences of the reformulated conjectures in [Joh13] for the spaces W p (π ∞ ).
In order to describe the contribution of π to cohomology, we recall ( [Joh13, §1] ) that the Shimura datum (G, X) determines an irreducible representation r C :
, where V is a finite-dimensional complex vector space and G E denotes base extension to the reflex field E. Then (see [Joh13, Conjecture 8]) Kottwitz 4 predicts the existence of an isomorphism
where the direct sum runs over the set of A-parameters giving rise to π ∞ . The precise meaning of the symbols U π and ǫ ψ is not important for us here; rather, we need only the following weaker consequence of this prediction, which we can again phrase independently of the existence of the Langlands group. ( 
denote the projection to the adjoint group. We must show that there exists a finite Galois extension M/E such that
There is a map H E → GL(V ), and H V is equal to the image of this map. Let . Replacing θ with a conjugate, we can therefore assume without loss generality that the map H Proof. If σ ∈ Γ, τ ∈ ∆, we have
It follows that if g σ = r 2 (σ) −1 r 1 (σ), then for all τ ∈ ∆ we have
There are two cases. If χ σ = χ for all σ ∈ Γ, then the irreducibility of r 2 | ∆ implies that g σ = λ σ ∈ Q × p , and we are done on defining χ ′ (σ) = λ σ .
Otherwise, there exists σ ∈ Γ such that χ σ = χ. Then r 2 ∼ = r 2 ⊗ χ σ ⊗ χ −1 . The character χ σ /χ has order dividing n, and if ∆ ′ = ker χ σ /χ then r 2 | ∆ ′ must be reducible, contradicting our assumptions. This completes the proof. At least under some assumptions on the Shimura datum, this is known and due to Morel. Since the precise statement in this form is not (as far as we know) in the literature, we sketch one way of deducing it from work of Morel [Mor08, Mor10, Mor], which we learnt from a talk of Morel at the Institute for Advanced Study [Mor11] . Any mistakes below are entirely due to the authors. See also work of Nair for another approach [Nai] .
Cohomology of open Shimura varieties
The proof relies of Morel's theory of weight truncations and Pink's formula. In [Hub97] , Huber constructs a triangulated category, which we will denote by D m (Y, Q p ), of so-called horizontal mixed complexes of constructible Q p -sheaves on any separated scheme Y of finite type over any number field F . Informally speaking, 'horizontal' means that the complexes extend to complexes of constructible Q p -sheaves on some flat model of Y over some open subset U of Spec O F . A horizontal complex is pure if its specializations to all but finitely many closed points of U are pure (with constant weight), and mixed complexes are those arising as extensions of pure complexes. D m (Y, Q p ) admits a perverse t-structure, whose core P erv m (Y ) is the socalled category of horizontal mixed perverse sheaves on Y . We refer to [Hub97, §1-3] for precise definitions. In [Mor] We recall some notation for Shimura varieties and their minimal compactifications used in the previous section, and then set up some more notation. We let G be a connected reductive group over Q and (G, X) a Shimura datum where we allow G ad to have simple factors of compact type over Q (to allow zero-dimensional Shimura varieties), and we write E for the reflex field of (G, X). If K ⊆ G(A f ) is a neat compact open subgroup, we let Sh K = Sh K (G, X) denote the canonical model (over E) of the complex Shimura variety of level K. We let Sh for the open embedding. Recall that a parabolic subgroup P ⊆ G defined over Q is called admissible if its image in every simple fact G ′ of G ad is either G ′ or a maximal proper parabolic of G ′ . We write N P for the unipotent radical of P , U P for the center of N P , and M P = P/N P for the Levi quotient. We let X P be the boundary component corresponding to P . Following [Mor10, p. 2-3], we make the following additional assumptions on (G, X): First, assume that G ad is simple. Second, for every admissible parabolic P of G, there exist connected reductive subgroups L P and G P of M P such that
• M P is the direct product of L P and G P ;
• G P contains a certain normal subgroup G 1 of M P defined by Pink [Pin92, (3.6)], and the quotient G P /Z(G P )G 1 is R-anisotropic;
• L P ⊆ Cent MP (U P ) ⊆ Z(M P )L P ;
• G P (R) acts transitively on X P , and L P (R) acts trivially on X P ;
• for every neat compact open subgroup
If G satisfies these assumptions, then G P satisfies these assumptions for any admissible parabolic P of G [Mor10, Remark 1. (under these assumptions). Let P be an admissible parabolic of G and let Q P ⊆ P be the preimage of G P . There is a Shimura datum (G P , X P ) with reflex field E. Let g ∈ G(A f ). Set H P = gKg −1 ∩ P (Q)Q P (A f ), H L = gKg −1 ∩ L P (Q)N P (A f ), K Q = gKg −1 ∩ Q P (A f ), and K N = gKg −1 ∩ N P (A f ). Then there is a morphism Sh KQ/KN (G P , X P ) → Sh min K which is finite over its image. The group H P acts on Sh KQ/KN (G P , X P ) and the action is trivial on the normal subgroup H L K Q ; moreover, H P /H L K Q is finite. Quotienting out by the action of H P gives a locally closed immersion i P,g : Sh KQ/KN (G P , X P )/H P → Sh The boundary of Sh min K is the union of the images of the i P,g for proper admissible parabolics P and elements g ∈ G(A f ). If P, P ′ are admissible parabolics and g, g ′ ∈ G(A) f , then the images of i P,g and i P ′ ,g ′ are either equal or disjoint, and they are equal if and only if there exists a γ ∈ G(Q) such that P ′ = γP γ −1 and P (Q)Q P (A f )gK = P (Q)Q P (A f )γ −1 g ′ K.
In view of this, we fix a minimal parabolic subgroup P 0 of G and let P 1 , . . . , P n be the admissible parabolics of G containing P 0 , where the order is defined by r ≤ s if and only if U Pr ⊆ U Ps . We simplify the notation and write N r = N Pr , i r,g = i Pr,g etc. Then, the boundary of Sh min K is the union of the images of the i r,g for r = 1, . . . , n and g ∈ G(A f ), and i r,g and i s,h have the same image if and only if r = s and there is a γ ∈ G(Q) such that P r (Q)Q r (A f )gK = P r (Q)Q r (A f )γ −1 hK. For a fixed r, put
Im(i r,g ).
The Sh K,r are locally closed subvarieties of Sh
